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1. INTRODUCTION

In the last decades important problems have been solved concerning
rational approximation of holomorphic functions on a compact subset
of the plane. One way of approaching these problems has been by means
of functional analysis methods, emerging from the study of certain Banach
algebras of functions (see, e.g., [9~11]).

In this paper similar methods are used to prove approximation theorems
for the solutions of a hypercomplex differential equation in the (m - 1)-
dimensional Euclidean space. The operator D* considered is a generalized
Cauchy—Riemann operator acting on functions f defined in an open non-
empty subset 2 of R™*1 and with values in a Clifford algebra & constructed
over a quadratic n-dimensional real vector space (m < n). It should be noted
that the operator D* may be identified with a strongly elliptic system of
homogenecus differential operators (Section 2). Note also that the solutions
of the equation D*f = 0 form a subclass of the set of vector-valued poly-
harmonic functions and that, when m = n = 1, the class of polyanalytic
functions of a complex variable is thus obtained.

We first prove that if K is a compact subset of R™+1, then any function
which satisfies D*f == 0 in an open neighborhood of K can be uniformly
approximated on K by a sequence of polynomial solutions of the equation
(if co K is connected) or by a sequence of “rational” solutions having their
singularities off X (K arbitrary). Using these results, we generalize the well-
known Runge and Hartorgs—Rosenthal theorems from holomorphic function
theory (Section 3). Finally, in Section 4 we prove a Runge type theorem for
regular solutions at infinity of the operator D*,
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In this context we also wish to draw attention to the analogues of Runge’s
theorem established by Chauveheid [3] and du Plessis [7] for harmonic func-
tions and more generally by Chauveheid .[2] for the solutions of elliptic
differential operators with constant coefficients.

2. PRELIMINARIES

Let o7 be the Clifford algebra constructed over a guadratic r-dimensional
real vector space with orthogonal basis {e, ,..., ¢,}. Let furthermore e, =
e;e;, - e; bean arbitrary basic element of o where A e N, N = {1, 2,..., n}
and i, << i, <<+ < 1. Then in [5] an inner product ( , )y, @ norm | - |,
and an involution have been defined on &7 turning it into a finite-dimensional
H*-algebra. Recall that for each A = ¥ A, e/, [A]5 =203 2,2
Let m << n, m 5= 0 and 2 be an open nonempty subset of R™+. Then in
[5] we have established some properties of the space M {£2; &), consisting
of those functions fe Cy(£2; &) for which D* = 0 in 2, where ke N and
D =Y, ef8/ox;). Among other things, it has been shown that M(Q; ),
provided with the topology of uniform compact convergence, is a right
#-Fréchet module.

Note that, as dim &/ = 27, the equation D% = 0 is equivalent 10 a system
of 27 linear partial differential equations, each of order &, in the 2” unknown
real valued functions £, .

If the basic elements e, of <7 are ordered in a certain way, then by means
of the left regular representation of 7, we may associate to each Ae o a
27 % 2" real matrix @(A). Remark that, as 7 has an identity e, , this repre-
sentation is an isomorphism.

Using the fact that DD = DD = de, where D = Y, 2{8/ox,) =
ey(88x) — Yieq ex(8/6x;) and A = Y, (83/6x%), we have

ProOPOSITION 2.1.  The system of differential equations associated to the
hypercomplex differential operator D is strongly elliptic.

Proof. Since B(D¥) = (G(D))*, it suffices to prove that @(D) is a strongly
elliptic system (see, e.g., [8]). Also note that the order of &(D) equals one.

We now claim that for each j = 1,..., n, @(e;) is a skew-symmetric matrix.
Indeed, taking account of the multiplication rules in &/ (see [5]), one may
easily check that for each A, B € &N, the element a; , at the Bth row and
Ath column of @(e;) is equal to —a,, 5 . Hence, if @(e;)" denotes the transpose
of Oe), Be) + Oe) =0 or Oe) = O(—e¢) = B(e), j=I1,.,n
As G(e,) = §, the identity matrix, we so obtain that @(D) = &(D). Hence
O(DD) = @(D) @(D) = 435 so that (det(@(D))? = 42", From this relation
it clearly follows that @(D) is a strongly elliptic system. §
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In view of the foregoing proposition, we can freely use basic results from
the general theory of strongly elliptic systems of differential operators.
In this connection we recall that in [6], a bounded left (right) Z-linear
functional T7W(T) on the bi-&/-module Z(R2, &) was said to be a left
(right) <-distribution in 2. For further details concerning this type of matrix
distributions, we refer the reader to [6].

In the next sections, a main role will be played by the (right) Cauchy
transform of an ./-valued measure in R™+! with compact support. For the
sake of completeness, we here recall its definition.

Let E, be the fundamental solution of D* (see, e.g., [6]) and p be an /-
valued measure in R™*+! with compact support. Then y * E; with

pr Bx) = [ dult) By — 1)

is the right Cauchy transform of p.

Note that u * E, € LI°(R™+1; o7) and that, considered as a right .«7-distri-
bution in R™*L, (u * E) D* = 0 in co[u]. Moreover, as the system of differ-
ential operators associated to D* is strongly elliptic, p * E;, € C,(colu]; %)
and (u * Ey) D* = 0 in co[u], which implies that u * £, is an analytic
&7-valued function in co[u].

3. RUNGE’s THEOREM

We first establish some results concerning “‘rational” approximation of
functions f which satisfy D% = 0 in a neighborhood of a compact. set
K C Rm+, ‘

DeriNiTioN 3.1, Let XK be a compact subset of R™1, Then we call
M(K; &) the set of functions f for which there exists an open neighborhood
w of K such that fe My(w; o).

It is clear from the definition that M,(X; <) is a right &/-module.

The following lemma is fundamental for the sequel. It gives necessary and
sufficient conditions for an /-valued measure in R™! supported on K to
be an annihilating measure for M(K; ).

LemMa 3.1. Let p be an o/-valued measure in R™t with support contained
in the compact subset K of R™L. Then [ du(x) f(x) = 0 for all f€ M(K; )
iff p*xE,=0incok.

Proof. As to the necessary condition, let @ be an arbitrary point ih co X
and put f(x) = Ey(a — x). Then clearly fe My (K; &) and p x Eya) =
fdu(x) E(a — x) = 0. Hence p * E, = 0 in co K. Conversely, let
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fe MyK; 7). Then there exists an open neighborhood w of K such that
fe Myw; o). Take ¢ € D (w; R) with ¢(x) = 1 in w; where w; is open
and K C w, C w. Then f¢ € D (w; ). If p is considered as a right <7-distri-
bution u!", we have on the one side that

@, 1y = [ dul) 300 = [ du(x) S0,

while on the other side (see also [6])

i, [y = (un « EPDE, fby = (u' = ") DX, f)
= (=" = BN, DR(f$)) = 0.

Hence [ du(x) f(x) = 0.

The following results all deal with density properties of certain </-modules
in either M(K; o) or M(Q2; &7). In their proofs, generalizations are used
of the Hahn—Banach and Riesz representation theorems which may be found
in [4, 6], respectively.

Levma 3.2. Let K be a compact subset of R™ whose complement is
connected, fe M{K; /) and € > 0. Then there exists g M{Rm+; of)

such that supgex | f(x) — g < e, ie.,, My(R™?; &7) is uniformly dense
in M{K; s).

Proof. Let B(0, R)) = B, be an open ball in R™! such that KX C B, .
Then obviously, M(B, ; 7) is a submodule of M (K; /). We now claim
that M (B, ; &) is uniformly dense in M(K; 7).

By means of the Hahn-Banach and Riesz representation theorems, it
clearly suffices to prove that each «/-valued measure p in R™** supported on
K which annihilates M(B, ; <) is also zero on M(K; 7).

Let g be such a measure. Then by assumption, [ du(x) A(x) = 0 for all
he M{B, ;%) so that in view of Lemma 3.1 g x E;, = 0 in co B; . Since
u x E is analytic in co K and co K is connected, we thus have thatu x E;, = 0
in coK so that, once more by Lemma 3.1, [du(x)f(x) =0 for all
fe M(K; &) or p annihilates M(K; =7).

As a second step, we prove that M (R™*'; /) is uniformly dense in
M k(K 7). Consider therefore a sequence (B,)l=1 of closed balls with K C B, C
B, CB,CB,C - such that R™1 — (J, B, = Ui, B;, and put for con-
venience K = B, .

In an analogous way as before, for each i e N, M (B, ; &) is uniformly
dense in My(B, ; o).

Let now f = f, € M(K; &7). By a successive application of the first step
in the proof, a sequence (f;)..n may be found such that for each ie N,
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Jie M(B; ; o/) and SUDqeg, | Ji(x) — fia(x)lp < €271 Take now ieN

fixed and considef in M(B; ; o) the sequence ( f;, )%, - Then this is a Cauchy

sequence in M(B; ; &) since for s < ¢, C
sup [ %) — fu®)lo << sup | f(x) — ful)]o

zeB;

SUP [ /(%) — fora(X) + fora() — = 4 fia(x) — f(¥),

xeBg

< sup [fu(x) — fea@@o + -+ sup | fia(x) — fi®)lo

xeBy g
<<y

It hence remains a Cauchy sequence in M;(B; ; ) so that, as My(B; ; )
isa right Fréchet »/-module, there exists g; € M;(B; , &7) such that f;,, — g;
in My(B, ; /). Moreover, as the sequence ( Sirilio 18 @ subsequence of
(fi—1e1)io > the latter being convergent in M, W(Bi1; ) to some g;_;,
we have that g, restricted to B,_, coincides with g;_, . So we have obtained
a sequence ( gz)l L withg; e My(B, ; &) foralli = 1,2,...andg; | B, ; = g1
As Rm+1 — ()2, B, , for each x € R™+! there exists a least index 7 > 1 such
that x € B, . We may so define a function g in R™ by putting g(x) = g.(x),
x € R»+1, Obviously, g € M (R™; 7). Moreover, sUPaex | f(x) — g(X)ls < &,
since for each x € K,

1709 — (s = lim [ /() — £,
— lim | FG) — /160 +AG) = -+ + fi-a() —
<Him (569 — Ao+ + 11 — £691)

klge(i%r):ﬂ !

r=1

Remarks. 1. In [5] we have proved that if fe M, ({2; «) and ae £,
then there exists a suitable neighborhood £2, of a such that f admits a Taylor
development in 2, . As compared with the case of holomorphic functions
of a complex variable, the role of the powers of (z — a) is taken over by
homogeneous polynomials of the form

L’@—ZS“_!@)—S Vi, (X — @), ™

where pe N, 0 < s < min(p; k — 1), (4 ey Lo) €{1,..., m}*=5 and
Vipety X = Y. Zzy, I,

Tlysernalpy)
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the sum running over all distinguishable permutations of I,/ ..., lps
taken all at a time. Hereby, z; = Xje, — Xo€; » | = L,...,m. Let us also recall
that each of the homogeneous polynomials (x) is in M(R™; o7).

The Taylor development in a then reads as follows:

o min(p,k~1) or-sDsf i
i

(xg — ap)° -
(x) 2 Z Z *“0—&]__‘ VL},"'lﬁ\s('X - a) axlx cen axlp—s

5=0  (lgseenalyg) #=0

It can also be proved that if /e M(R™1; o7), then its Taylor development
in O holds in the whole of R™H.

2. Let 2 = {(xfsD Vi, (x):peN, 0<s < min(p, k — 1},
Uy ooy Ly €{1,..., m}?=5} and put & = spy 2, the right &7/-span of 2.

In view of the Taylor expansion, Lemma 3.2 may be restated in the
the following way: “Let K be a compact subset of R™+* with co K connected.
Then # is uniformly dense in M(K; «#).”

3. Let G be a suitable open annular domain centred at the origin with
associated Laurent domain G* and suppose that fe M (G; «). Then in
analogy with the results from [1], /' admits the following Laurent expansion
in G*:

o mindyp,k—1)

=y ¥ Y S Ve, M,
p=0 :

5=0 (Uganees Ipg)

o min(p,k-1) X® ©
8,
- Z Z Z o Xzy--lvp,s(x) Koty oo
=0 5=0 (gl ) O°
where again for each peN and 0 <s <min(p,k — 1), Xi , ,pi? ; e

Moreover, for each (/ ,..., {,_,) €{l,..., m}*~5,

or—s u—X
aull A 5ul Perl

le ..l%s(x) =

p-3 u=0

with p? = Z;n:o (#; — x; P and il — X = ZZ;O (u; — x;) &; .

Note that the functions (xo%/s!) X, ... _(x) all belong to M(R™\{0}, #};
they thus take over the role of the negative powers of z in the case of holo-
morphic functions of a complex variable. Denote their set by Z(0) and, if
asR™s, call %(a) the set of functions of the form ((x, — ap)®/s!) X
Xy, (x—a), peN, 0 <s<min(p, k — 1), (l4,... ,-)e{l,..,m}"

Note also that, since

1 xxi—t
Oy PO — 1))

Exx) =
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and D°Ey, = E,_, (0 <5 <k) (see [5]), for any peN and 0 <5 <
min(p, k — 1),
8P-3DSE), 1 x5t

Py, oxy, . oy (k— 5 — D)

Xy, ,

Each of these functions thus has a (k)-pole in 0.

Now let K be an arbitrary compact subset of R™* and 2,, £, £, ,...
be the components of co K, 2, being unbounded. Let furthermore a = {a;}
be a subset of co K which contains one point in each £2,, i = 1, 2,... Then
we call Z(a) = sy Z(a;) and #*(a) = spsZ(a).

Clearly the right «7-module M, (R™; o) @ %*(a) consists of functions
having their singularities ((k)-poles) off K, namely in a.

Using the above notations we have

LemMA 3.3. If K is a compact subset of R™ and a is a subset of co K
having one point in each bounded component of co K, then My(R™?; of) @
Z*(a) is uniformly dense in Mi(K; ).

Proof. In view of the Hahn—-Banach and Riesz representation theorems,
it clearly suffices to prove that if u is an &/-valued measure in R™+* with
compact support contained in K such that [du(x)A(x) =0 for each
he M(RmHL; of) © R¥(a), then [ du(x) f(x) = 0 for all fe My(K; ).

Let o be such a measure, consider u * Ey and take an arbitrary 7 € N\{0}.
Then, if a;£,, we have that for each pe N, 0 < s < min(p, k — 1),

(11 ERLL] :p—s) S {l:'"’ m}pH ]

&r=sDs P-sDSE,
((‘u ” Ek) ma;cll A axlpﬁ_) (az) (M * ax ﬁxlpig) (ai)
- OSSR,
= [ ) g — @ =
= 0.

As (u x E;) D* = 0 in co[u], taking account of the Taylor expansion for
u * Ex in a neighborhood of a; and of the fact that £2; is connected, we may
conclude that g * £, = 0 in £, .

Call K, = co £2, and take f, € M(K, ; ). Then, as K, is a compact set
whose complement is connected, it follows from Lemma 3.2 that a sequence
( g1)jen In M (R™1; o7) may be found such that sup,. K, | fo(x) — gix)lp — 0
if j — co.

Consequently

lim [ dp(x) £3(x) = lim [ du((fo(x) — g:0) =0
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and so [du(x)fo(x) = 0 for all fye My(K,; ), whence px E, =0 in
co K, = £2, (Lemma 3.1.).

We have thus proved that p x E; = 0 in co K so that, again in view of
Lemma 3.1, [du(x)f(x) = 0 for all fe MyK; /). §

Now let £ be an open subset of R and « be a subset of co £2 having
one point in each component of co £2. Furthermore, put #(«) = Uaco #(a),
a being an arbitrary finite or countable subset of « and call #*(«) = sp%{).
Clearly My (R™; /) @ #*(«) then consists of functions having their
singularities ((k)-poles) in co £2, namely in «. We so arrive at

Treeorem 3.1 (Runge). Let £2 be an open subset of R™ and o be a
subset of cof2 having one point in each component of cof£d. Then
MR ofy @ BH(x) is dense in M (82; s7) for the topelogy of uniform
compact convergence. In particular, if co Q is comnected and unbounded,
MR of) is dense in M (2; ).

Proof. Callforeachj=1,2,..,
Ky ={xe: | x| <jand d(x, co £2) = 1/j}.

Then (K;)%2; is a compact exhausticn of £2. Decompose co X; in its compo-
nents 27, .9, 2,7,..., with 2, the unbounded one. Since each component
of co K; contains a component of co 2, Q7 Na =% @ forall i =1,2,....
Take ¢/ €2/ Nw, i =1, 2,..., and call a; = (&/). Now let fe M (Q; o),
D, be the seminorm on M(2; /) associated to K; and ¢ > 0. Then clearly
fe M{K;; &) so that, in view of Lemma 3.3, there exists a function #; &
MR+t ofy @ #*(a;), having its singularities in a; C«, such that
PKj.(f~ hy) = SUPsex, | f(x) — Ao < e K

Remark. 1In fact we have that Z @ Z*(«) is dense in M {(2; o).

Tueorem 3.2 (Hartogs—Rosenthal) Ler K be a compact subset of R+
with Lebesgue measure zero and a be a subset of co K having one point in
each bounded component of co K. Then M, (R™; o7y @ Z#*(a) is uniformly
dense in Cy(K; o).

Proof. Let u be an «/-valued measure in R™*! supported on K such that
w annihilates M (R™; o7) @ #*(a). Then it follows from Lemma 3.3
that p is zero on MK, &). Consequently p * E, = 0 in co K so that,
K having Lebesgue measure zero, p * E, = 0 Lae. in R™ Theorem 4.3
in [6] then tells us that p = 0.

Remark. 1f Khas Lebesgue measure zero, we have in fact that # @ #*(a)
is uniformly dense in Cy(K; 7).

640(29/3-3
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4, RUNGE’S THEOREM FOR REGULAR SOLUTIONS AT INFINITY

If K is a compact subset of R™+1, then we have introduced in [6] the right
/-module M,(co K; «/) consisting of all solutions of D* in co K which are
regular at infinity with respect to E; . It has been shown that M(co K; «¢)
is a closed submodule of M;(co K; «#) and that each fe M(co K; /) may
be represented by a Cauchy type formula off some compact neighborhood
K, of K.

The aim of this section is to establish a Runge-type theorem for the ele-
ments in M(co K; 7).

From Theorem 3.1 we already know that M (R™+'; &) @ Z*(a) is
dense in M (2; &7) and that, in the particular case where co £2 is connected
and unbounded, M (R™1; &7) is dense in M(2; <7).

Now it will be proved that if co £2 = K is compact and hence bounded,
then #*(x) is dense in M,(co K; <7). For the case of holomorphic functions,
these results may be interpreted as follows. Let us repeat that if m = n =

= 1, then & ~C, while D is nothing else but the Cauchy-Riemann
operator 0. In this case M (R™*1; «7) replaces the space of entire functions.
Moreover M;(co K; o7) stands for the set of functions f which are holo-
morphic in co K and for which lim,..,, f(z) = 0 (see [2]).

We start with a lemma which is analogous to Lemma 3.1.

LemMMmA 4.1. Let K be a compact subset of R™1, w be an open bounded
neighborhood of K such that each component of o intersects K. If u is an
/-valued measure with compact support contained in co w, then [ du(x) x
f(x) = 0 for all fe My(co K; o) iff u x E;, = 0 in w.

Proof. As to the necessary condition, take @ € K and consider the function
E(a — x) € My(co K; 7). Then

px By@) = [ du(x) E(a@ — )
= (.

Now let w == {J;n w; be the decomposition of w in its components and
take for each ieN, g,cw; N K. Then p * Ey(a;) = 0. Consequently, as
w * Ep is an &7-valued analytic function in co[u], p * E, = 0 in each w;
and so px E, = 0 in w.

Conversely, first remark that in co[u], (u % E) D = px ExD = p * Eyy
so that from p x E; = 0 in w, it follows that u * E,; = px By o = - =
no¥ E1 = 0 in w.

Now let K, be a suitable compact neighborheod of X which is
contained in w. Then in view of Cauchy’s representation formula (see
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[6, Corollary to Theorem 4.2]), for each fe M(co K; o) and xekX,,

flo) = f@K kf (— 1)+ E; ot — x) doy DIf(2).

n =0

Hence, using the fact that u *x E;,; = 0inw (j = 0, 1,..., k — 1}, we obtain
that

[0 f@ = [ a[[ T 107 Biso — 2 do 70

7 §=0

~ [ S 1y [[ du Brate — )] o D31 0)

6K,, j=0

0Ky j=0

= [ Y (1) % Eyput) doy DF(2)
= 0.

This proves the sufficient condition since fe My(co K; «/) has been taken
arbitrarily. [

Using the notations of the previous section, we have

THEOREM 4.1. Let K be a compact subset of R™ and o be a subset
of K having one point in each component of K. Then Z*(«) is dense
in M(co K; &) for the topology of umiform compact convergence.

Proof. First we remark that Z*(«) is a submodule of M, (co K; &) since
each of its elements is a right &7-linear combination of functions having
the form 0*~*Ey(x — a;) D*fox, -~ 0x, ., where peN, 0 <5 <
min{ p, k — 1), (4 ,.., L_) €{l,..., m}P¢ and a; € «. To prove that Z*(«)
is dense in M(co K; &), by the Hahn-Banach and Riesz representation
theorems, it clearly suffices to show that if 7 is a bounded right «/-linear
functional on Cy(K; &) which annihilates #Z*(x), then it vanishes on
M(co K; s7) too.

To this end. let again (X)), be the compact exhaustion of £ = co X
considered so far and suppose that T is a right »/-linear functional on
C(K; &) bounded by some Pk, which annihilates #*(x). Furthermore,
choose j € N large enough such that K and {x: d(x, K) <C 1/j} both are con-
tained in {x e R™": | x| < j}. Then there exists an &/-valued measure
1 supported on K; such that

T(f) = [ dux) f),  fe Cileo K; ).
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Now let co K; = £,/ U 2,7 U 2,7 U -+ be the decomposition of co X; in its
components, £,/ being the unbounded one. Then K C w = {J; 2/,
w being a bounded open neighborhood of X such that each component of
w contains at least one component of K.

Hence, for each i =1,2,.,2/Na % @ so that, taking a/ € 2/ N «,
i=12..,a = (@) Ca.

As p x Fy is an «7/-valued analytic function in co[u], for each i = 1, 2,...,
there exists an open neighborhood £2,; of @/ in which u * E; admits a
Taylor development. But, as by assumption,

o*~(u x Ey) D* B 073 D j
Oxy, - 0%y loeaf = ok B, o (a?)
or- SEk(a i—x)D*
= f dp(x) o

we have that p * E, = 0in 2, ;.
Consequently, £2,7 C co[u] bemg connected we obtain that g * E; = 0 in

27 s0 that p x B = 0 in w = (Jy 24,
Taking account of Lemma 4.1 we find that [du(x) f(x) = 0 for all

fe Myco K; 7). |
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